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Abstract
Covariance NMR spectroscopy allows acquisition of spin-spin correlation in a more
ecient way compared to the traditional two-dimensional Fourier-transformation
NMR spectroscopy, leading to reduction in the experimental time or increase in
the sensitivity of the spectrum obtainable within a given experimental time. This
article summarizes recent works on covariance NMR, focusing on its applications
to solid-state NMR spectroscopy. In addition to a brief survey of the covariance
spectroscopy, an open question of whether \inner-product" spectroscopy is more
natural is posted. The usefulness of covariance NMR spectroscopy is presented by
exploring its applications to solid-state systems of chemical/biological interest. A
number of recent reports to further improve its eciency or to extend the scope of
its applicability are reviewed.
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1 Introduction
In NMR spectroscopy, the sensitivity has been the issues of general interest.
The technological/methodological advances in sensitivity enhancement made
so far had enabled one to reveal hitherto inaccessible structural information,
strengthening NMR spectroscopy as a means for chemical analysis. Further
progress in future is anticipated to push NMR spectroscopy, and thereby sci-
ence, forward. That is why the sensitivity enhanced NMR continues and will
continue to be an active research subject matter in the community.
The strategies toward sensitivity enhancement are diverse. One way is to in-
crease nuclear spin polarization, and thereby the macroscopic nuclear mag-
netization. This can be done straightforwardly either by increasing the static
magnetic eld or decreasing the sample temperature, so as to raise the equi-
librium Boltzmann population dierence over the Zeeman levels. Recent re-
markable magnet technology realized highly homogeneous elds of up to 23.48
T or above, corresponding to the proton resonance frequency that exceeds 1
GHz. Drastic signal enhancement is possible through nuclear hyperpolariza-
tion, which can be realized by dynamic nuclear polarization[1], optical pump-
ing[2], and the Haupt eect[3{8].
The NMR sensitivity can also be enhanced by improving the eciency of signal
detection, instead of, or in combination with, nuclear-spin hyperpolarization.
By cooling the NMR sample coil down to cryogenic temperatures, the coil
resistance can be reduced. As a result, the Q-factor of the resonance circuit
increases, so that higher signal voltages can be extracted from the nuclear
spin system. In addition, the thermal noise is expected to be suppressed as
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decreasing the temperature, and the overall eect is to enhance the signal-
to-noise ratio. Thermal insulation between the coil and the sample was a
technical challenge but had been overcome. In practice, it is necessary to
cool the preamplier as well as the sample coil, in order to gain satisfactory
enhancement in the sensitivity. Probes incorporating such features are known
as cryo probes[9{11], and nowadays commercially available for liquid-state
NMR. Cryogenically cooled MRI probes[12,13] and solid-state magic angle
spinning (MAS) probes[14{16] have also been reported.
The detection sensitivity can be optimized by employing application-tailored
experimental systems. For cases where NMR spectra of two separate spin
species need to be measured one after another, an NMR system with parallel
receivers[17,18] could improve the throughput of research. When the sample of
interest is unconventionally tiny, microcoil probes may be the choice[19{24].
For extremely small samples, force detection can be advantageous over the
conventional Faraday detection[25{29].
In addition to such physical ways toward sensitivity enhancement, development
of acquisition/data-processing methods is also an important trend. The latter
has been motivated by the necessity of extracting information of chemical in-
terest within a limited experimental time, and with a reasonable cost. So far,
a number of approaches have been proposed to reconstruct one-dimensional or
multi-dimensional spectrum from a smaller number of data sets than the pre-
vious schemes require. The rst example of such time-saving protocols is the
maximum entropy method (MEM), which was originally developed in astro-
physics[30]. Its application to NMR spectroscopy was rst reported by Sibisi
and co-workers[31,32]. MEM soon found wide applications[33{37], and was
combined with non-uniform sampling (NUS) scheme[38,39]. Since then, NUS
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has attracted considerable interest, and has been incorporated into various
protocols. Other noteworthy schemes include the Hadamard spectroscopy[40{
44], reduced dimensionality[45{50], single scan two-dimensional spectroscopy
or ultrafast two-dimensional spectroscopy[51{54], GFT NMR[55{57], covari-
ance spectroscopy[58,59], recursive multidimensional decomposition (R-MDD)[60],
compressed sensing[61{66], radial sampling[67], noise and artifact suppression
using resampling (NASR)[68], and so on.
Even though these methods make full use of mathematics and may look
formidable to NMR researchers majoring in chemistry, they are all valuable
in the sense that they lifted up the limitation of NMR spectroscopy, enabling
us to gain such chemical information that has not been accessible so far. In
particular, the idea of covariance NMR, put forth by Bruschweiler and Zhang
in solution NMR[58], has lead to a number of recent applications. The purpose
of this review is to summarize recent works on covariance NMR, focusing on
its applications to solid-state NMR spectroscopy. In Section 2, we overview
the concept of covariance NMR, leaving at the end of the section an open
question on what the author call \inner-product" NMR spectroscopy. Section
3 introduces applications of covariance NMR to solid-state systems of chem-
ical/biological interest. In Section 4, we review sampling schemes that make
the time-saving covariance NMR spectroscopy further time-saving. Section 5
is devoted to describe various variants of covariance NMR spectroscopy.
2 Overview of covariance NMR spectroscopy
In this section, we take a brief look at what the covariance NMR spectroscopy
is. For more detailed and complete description, the reader may refer to the
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pioneering paper published by Bruschweiler[59].
The main arena in which covariance NMR is used is two-dimensional (2D)
correlation spectroscopy[69]. For a simple example, let us consider a three spin
system consisting of spins A, B, and C, as schematically depicted in Fig. 1(a),
and suppose that spins A and B are relatively close to each other, whereas spin
C is at a distance, so that J/dipolar interactions are eective only between
A and B. One can employ the conventional 2D Fourier Transform (2D-FT)
NMR to obtain a 2D spectrum that looks like the one in Fig. 1(b), where
the cross peak tells the existence of the correlation, and thereby the spatial
proximity, between the relevant spins. Such information is very useful, as it
provides structure constraint that can be used for, e.g., studies of higher order
structure of biomolecules.
One possible and frequent problem with 2D-FT is that relatively a large num-
ber of data arrays need to be acquired, since the spectral resolution along
the indirect dimension is determined by the number of the data arrays. In
particular, when the signal-to-noise ratio of the individual free induction de-
cays (FIDs) is low, as is often the case, signal averaging over many times is
necessary for each evolution time, making the overall experimental time even
longer. It is not unusual for one to spend several days or more, just to obtain
a single 2D-FT spectrum. However, in order to improve the throughput of
research, it is highly desirable to employ more ecient ways that can be used
to extract the necessary information sooner.
In covariance NMR spectroscopy, pulse sequences to be used is the same as
those in 2D-FT, but much fewer amounts of data sets along the indirect dimen-
sion suce to produce a 2D spectrum similar to that obtained with 2D-FT.
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Covariance is a concept in statistics, giving a measure of how much a pair
of variables change in a correlated way. To explain the idea proposed by
Bruschweiler of applying the covariance processing to NMR, let us suppose
that we have an array of one-dimensional spectra obtained with incremented
evolution time, as schematically described in Fig. 2. In this example, we have
a homonuclear system of three spins, labeled with i, j, and k. For peak i and
peak j, the ways that the peak amplitudes change with the evolution time
look dierent. It follows that the covariance between i and j becomes very
small. In contrast, peak i and peak k change in a similar way, resulting in a
considerable covariance value. In this way, one can calculate a matrix, with its
elements being the covariances between all possible pairs of the data points.
The covariance spectrum looks quite similar to the traditional two-dimensional
FT spectrum. One can tell the connectivity between the spins from the ex-
istence or absence of the cross peak, and from its intensity and mixing-time
dependence.
To put the idea of covariance NMR spectroscopy using mathematical, thus un-
ambiguous, expressions, let us consider a pair of vectors X = (x1; x2;    ; xn)
and Y = (y1; y2;    ; yn). The covariance C(X;Y ) between X and Y is dened
as





(xk   hXi)(yk   hY i) (1)
= hXY i   hXihY i: (2)
Here, the brakets and the asterisks denote mean values and complex conju-
gates. When we have a N1 one-dimensional spectra sk;m = s(kt1;m!2)
with k = 1; 2;    ; N1 and m = 1; 2;    ; N2, the covariance spectrum C is
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s(pt1; q!2) exp( i!1pt1): (5)
The covariance spectrum C corresponds to the 2D-FT spectrum S squared,
i.e., ST  S. Their similarity is based on the Parseval's theorem stating that,
for functions f(t) and g(t) and their Fourier transformations F (!) and G(!),







In the present context, s(t; p!2) and s(t; q!2) correspond to f(t) and g(t),
while S(!; p!2) and S(!; q!2) to F (!) and G(!), respectively. It follows
that the square root R =
p
C of the covariance matrix gives a 2D spectrum
which can be used in the study of spin correlation, and thereby of higher-order
structure, as is done in the conventional 2D-FT.
Importantly, in covariance, the spectral resolution in the indirect dimension
is given by that in the direct dimension N2. It follows that much smaller
number of data length N1 along the indirect dimension suce to extract spin
correlations than is required in the conventional 2D-FT scheme, so that one
can signicantly save the experimental time, or increase the number of signal
accumulations within a given experimental time.
A straightforward way of calculating the square root R of the covariance
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(square) matrix C is to apply diagonalization, i.e., to nd such an orthogonal
matrix V that
C = V D VT ; (7)
where D = diag(d1; d2;    ) is a diagonal matrix. The square root of the di-






d2;    ), from which
R =
p
C is calculated to be
R = VT 
p
D V: (8)
In practice, however, matrix diagonalization is computationally expensive, and
the calculation of R can take an intolerable long time even with a modern
computer. The algorithm based on singular value decomposition (SVD) is an
ecient alternative[70].
It should be kept in mind that, in practice, covariance processing is performed
over a limited, relatively short acquisition lengthsN1 in the indirect dimension,
while the Parseval's theorem requires the integral to be performed over an
innite range. Thus, the above interesting and noteworthy correspondence is
not rigorous one. In addition, the equivalence between the covariance and the
left hand side of Eq. (6) is assured only when the average of s(t1; !2) over t1
vanishes, as one can see from the denition of the covariance in Eq. (1). This is
true in many cases where the peaks in the one-dimensional spectrum s(t1; !2)
oscillate with the evolution time t1. This is, however, not always the case,
when the indirect acquisition length N1 is relatively small, as is usually the
case for covariance NMR, or for peaks relatively close to the carrier frequency.
In this context, one may be tempted to employ, instead of covariance, another
measure of correlation between a pair of variables X and Y by discarding the
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In linear algebra, I(X; Y ) is called as an inner product, or a scalar product of n-
dimensional vectors X and Y . Using the inner product, the two-dimensional
correlation spectrum can be constructed in the same way as in the case of
covariance, and the Parseval's theorem can be straightforwardly applied with-
out having to make the (sometimes invalid) assumption of vanishing mean
values. Comparison between the covariance and the inner product has not
been explored, and the question of whether the latter is superior or not for
the NMR purposes is an open issue that require further studies. The idea of
\inner-product NMR spectroscopy" is thus outside the scope of this review,
and will not be discussed further here.
3 Applications of solid-state covariance NMR spectroscopy
In liquid solutions, nuclear spins are correlated through J-couplings, whereas
in solids dipolar interactions come into play as well. The rst report on the ap-
plication of covariance to solid-state NMR was published by Hu et al., in which
an \indirect" covariance homonuclear correlation spectrum was obtained from
a 2D-FT heteronuclear correlation spectrum. The indirect covariance scheme,
which will be discussed in section 5.1, contrasts with the original \direct" co-
variance spectroscopy, where the covariance processing is performed over an
array of one-dimensional spectra.
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3.1 Inorganic materials
Hu et al., also reported on the rst application of direct covariance spec-
troscopy to solid-state NMR to reveal 13C-13C correlations in amino acids, 31P-
31P correlations in alumino phosphates, and 29Si-29Si correlations in sodium
borosilicate glass and silicalite-1. Interestingly, they demonstrated covariance
processing in double-quantum correlation experiments employing POST-C7[71],
BABA[72], and INADEQUATE[73]. In double-quantum 2D spectroscopy, time
evolution along the indirect dimension is characterized by the frequencies given
by the sum of the chemical shifts between the correlated spins, so that hori-
zontal pairs of correlation peaks appear, as shown in Fig. 3. There, 125 data
sets were acquired with a step of 12.5 us, Thus, the coherence prole during
the evolution time was truncated at 1.6 ms.
During the evolution time, the quantum states of the relevant spin pair change
in a correlated way, because they both involve oscillation at a common fre-
quency corresponding to the sum of the chemical shifts. It follows that co-
variance processing can be used to measure the double-quantum correlation.
Fig. 4(A) shows a 2D covariance spectrum using the same data source as in the
conventional double-quantum spectrum (Fig. 3). Now, the double-quantum
correlations appear as cross peaks. Importantly, the spectral resolution along
the indirect dimension is given by that along the direct dimension, and fewer
number of data sets suce to obtain the desired correlations. It is impressive
to see that the 2D covariance spectrum obtained with only 25 t1 increments
keeps the spectral feature, as demonstrated in Fig. 4(B).
With the covariance approach, experiments requiring an impractically long
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measurement time can become realistic. An example of such is also demon-
strated in Ref. [74], in which natural abundance 29Si INADEQUATE experi-
ment was carried out in silicate-1. Due to the low sensitivity and low natural
abundance (ca. 4%) of 29Si, the low eciency of INADEQUATE transfer,
and the relatively short transverse relaxation time in the direct dimension,
only a limited number of data sets (32) could be acquired. Nevertheless,
the covariance-processed 2D spectrum showed enough resolution to extract
through-bond 29Si-29Si connectivity, as demonstrated in Fig. 5. There, cross
peaks showing through-bond connectivity are clearly visible between sites 1, 2,
and 3, while site 4 was found to be isolated from the others. Hu et al. claimed
that such information was dicult to obtain with the conventional approach,
which would take a very long time.
3.2 Biological solids
The earliest application of covariance spectroscopy to a complex biological
system in the solid state was reported by Weingarth et al.[75]. In a 13C,15N-
labeled microcrystalline sample of 85-residue domain-swapped homodimer of
catabolite repression phosphocarrier protein, known as Crh, Weingarth et al.
successfully observed covariance cross peaks showing long-range correlations
that were buried in the noise in the 2D-FT spectrum. The correlation spectrum
of such a relatively large molecule (molecular weight of Crh is 10.4 kDa per
monomer) is crowded with cross peaks, so that insucient spectral resolution,
in particular along the indirect dimension, can be a serious problem in 2D-FT.
Fig. 6 compares covariance and 2D-FT spectra obtained from a common data
set. The covariance spectra (a) and (c), which were obtained from 512 and
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256 FIDs, showed no discernible dierence, while the corresponding 2D-FT
spectra (b) and (d) suered from considerable degradation of spectral resolu-
tion. The covariance spectrum shown Fig. 7(a) reveals long-range, structurally
important cross peaks. For example, the cross peak between the 61 (Val) and
the 6 (Val) residues indicates their intermolecular proximity in the domain-
swapped dimer. The cross peak between the 61 (Val) and the 37 (Lys) residues
arises from intramolecular correlation. These cross peaks were invisible in the
2D-FT spectrum (Fig. 7(c)).
Another example in which covariance is applied to biological solid-state NMR
was reported by Masuda et al., who studied interaction sites of curcumin and
42-residue amyloid  protein brils[76]. Curcumin is a food component in the
rhizome of turmeric. It has attracted attention in the study of Alzheimer's dis-
ease (AD), since curcumin is known to prevent 42-residue amyloid- protein
(A42) from aggregating into the brils that are responsible for the pathodol-
ogy of AD. Moreover, the toxic A42 brils disaggregate in the presence of
curcumin. It is therefore important to investigate how curcumin interacts with
the A42 brils, and cause disaggregation of the latter.
The disorderd nature of the material leaves solid-state NMR as a unique an-
alytical tool. Masuda et al. tackled the problem of characterizing the binding
mode of the curcumin molecules to the A42 brils using 13C-13C correla-
tion scheme in combination with elaborate isotope labeling of the complex.
As described in Fig. 8, Masuda et al. prepared a pair of separate, 13C-labeled
A42 samples, each of which was mixed with curcumin labeled with 13C at the
aromatic sites. Analysis by the conventional 2D-FT approach was challenging
due to the low sensitivity, and accordingly, they employed the covariance ap-
proach to successfully reveal magnetization transfer among the 13C spins in
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the curcumin molecules and the A brils (Fig. 9).
It should be kept in mind that the covariance spectrum can contain \false"
cross peaks, which have intensities larger than the noise level but have nothing
to do with spin correlation. Such an artifact is caused by the nature of the
covariance processing, and presumably, can be one of possible origins of re-
luctance of some researchers to employ the covariance approach. Nevertheless,
one can readily identify the false cross peaks in many cases where correlation
experiments are performed with various mixing times. The artifacts should
not be aected by the mixing time, and from the viewpoint of evaluating the
connectivity, mere existence of the cross peaks is of less importance compared
to how they grow with the mixing time. In Ref. [76], Masuda et al. care-
fully conrmed that the cross peaks they observed in the covariance spectra
were indeed the \real" cross peaks originating from the 13C-13C magnetization
exchanges, by examining the mixing-time dependence of the cross-peak inten-
sities (Fig. 10). In addition, they studied the mixing-time dependence based on
a two-site exchange model and numerical simulations (supplementary material
of Ref. [76]).
Aside from the powerfulness of the covariance approach, care should be taken
when one tries to deduce scientic discussions from the data. Masuda et al.
showed that curcumin interacts with the residues from 17 to 21, and the 12th
residue in the N-terminal -sheet. In a later report by Mithu et al.[77], the 12th
residue was shown to be aected by curcumin, while they found no evidence
for the binding between curcumin and residues 19-20, which were the only
isotope-labeled residues in the region 17-21. The discrepancy was ascribed to
dierent sample preparation schemes. This implies that the biniding mode can
strongly depend on the way that curcumin is dosed.
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Other applications of covariance NMR include natural abundance deuterium
NMR spectroscopy in chiral polypeptide liquid crystals[78] and three-dimensional
experiments of combined homonuclear spin-exchange and separated-local-eld
spectroscopies[79]. These works also presented new sampling schemes, and will
be introduced in the next section.
4 Improvement of covariance toward further time-saving
4.1 NUS
The idea of non-uniform sampling (NUS) has found considerable interest and
applications in the context of the conventional 2D-FT schemes. NUS is also
compatible with the covariance spectroscopy. Lafon et al. reported on natu-
ral abundance deuterium NMR spectroscopy of 2-ethyloxirane (C4H8O) and
methyl vernoleate (C19H34O3) dissolved in chiral polypeptide liquid crystals
(PBLG/CHCl3 mixture), making comparison of Q-COSY Fz[80,81] datasets
processed by the conventional 2D-FT, uniform sampling (US) covariance, and
NUS covariance schemes[78]. Fig. 11(b) shows a 2H Q-COSY Fz spectrum of
2-ethyloxirane (Fig 11(a)) obtained from 268 t1-incremented FIDs with the
conventional, US-FT scheme. As the length of the data array was decreased
intentionally for a demonstrative purpose, the spectral resolution along the
indirect dimension was reduced (Fig. 11(c)-(e)). When US-FT was replaced
by the covariance processing, the spectral feature was kept, while noticeable
reduction in the signal-to-noise was found (Fig. 11(f)-(h)). When Lafon et al.
employed covariance with non-uniform sampling, the quality of the spectrum
was virtually the same, even with the decrease in the data length by more
14
than ve times.
It should be noted that the diagonal peaks are absent in the 2H Q-COSY Fz
spectrum (Fig. 11(b)). This means that even the relevant peak pairs evolve
with dierent frequencies during t1. The simple covariance processing would
lead to a spectrum containing only diagonal peaks, so that no information can
be extracted. This problem can be avoided by using what Lafon et al. call
the regularization procedure, in which articial diagonal-peak components are
added in advance to the covariance processing, and afterwards, the diago-
nal peaks are subtracted. In this way, the covariance spectra in Fig. 11 were
obtained.
4.2 Accumulation prole
In general, the nuclear magnetization decreases with the indirect evolution
time t1. In many (though not all) cases, the decaying prole is well approxi-
mated by an exponential function. Such a feature could be exploited to opti-
mize the eciency of data acquisition. Li et al. proposed to vary the number
of signal accumulation with t1 in accordance with a Gaussian function[82,83],
making comparison between the Gaussian accumulation prole and the con-
ventional square prole under the restriction that the signal decays exponen-
tially with t1. In addition, they examined the two options for the sampling
interval, the uniform and non-uniform schemes (Fig. 12). As a result of their
in-depth analysis, Li et al. came to the conclusion that the Gaussian accumu-
lation prole with uniform sampling leads to the optimal result (Fig. 13).
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4.3 Alternative States sampling
For structual determination of biopolymers, multi-dimensional (three or more)
NMR spectroscopy is helpful, as the spectrum carries a number of distance
and angle restraints. In the conventional scheme, requirement for the signal-
to-noise ratio of the resonance line is demanding, limiting its application
to samples whose resonance lines are relatively sharp and thereby the sen-
sitivity is relatively good. Lin and Opella demonstrated the feasibility of
three-dimensional experiments of combined homonuclear spin-exchange and
separated-local-eld spectroscopies even for the resonance lines with insuf-
cient signal-to-noise ratio of less than 10[79]. Their successful 3D spectral
reconstruction is ascribed to, in addition to the usage of covariance process-
ing and compressed sensing, what Lin an Opella call the alternative States
sampling scheme.
In the alternative States sampling scheme, real and imaginary part of the sig-
nals are sampled alternately, as described schematically in Fig. 14. Compared
to the conventional States scheme[84,69], the experimental time is halved.
At the same time, one can keep up with the prole of spin-magnetization
evolution, when the covariance processing is combined with alternative State
sampling. Fig. 15 demonstrates a 1H-15N/15N/15N three dimensional exper-
iment performed in a single crystal sample of 15N-labeled N-acetyl leucine.
There, 50 complex points were acquired using alternative States sampling for
covariance processing to extract 15N/15N correlation, while 44 real points were
collected in the 1H-15N dipolar coupling dimension for data reconstruction by
compressed sensing.
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5 Variants of solid-state covariance NMR spectroscopy
5.1 Indirect covariance
Indirect covariance spectroscopy was proposed by Zhang and Bruschweiler[85]
soon after publication of their pioneering work on covariance spectroscopy[58].
Its application to solid-state NMR was reported a few years later by Hu et
al[86]. The procedure of the indirect covariance spectroscopy starts with a
2D Fourier-transformed heteronuclear correlation (HETCOR) spectrum. This
is in contrast to the original direct covariance spectroscopy, in which covari-
ance processing is applied to an array of one-dimensional spectra, so that
Fourier transformation is performed only with respect to the direct dimension.
From a single I-S 2D HETCOR spectrum, a pair of homonuclear correlation
(HOMCOR) spectra are obtained, each of which reect the I-I (S-S) homonu-
clear connectivity mediated by the I-S heteronuclear correlation. It should be
noted that a HOMCOR spectrum obtained by indirect covariance carries dif-
ferent information from that the conventional HOMCOR provides; only those
homonuclear spin pairs correlated to a common heteronuclear spin will show
cross peaks, and mere direct I-I (S-S) correlation without I-S correlation
would be invisible.
To demonstrate solid-state indirect covariance spectroscopy, Hu et al. per-
formed 27Al-31P SPAM-MQ-J-HETCOR in AlPO4-14. During the indirect
evolution time (t1), the second-order
27Al quadrupolar interactions were elim-
inated by MQMAS[87,88]. In addition, soft pulse added mixing (SPAM)[89]
was employed to exploit multiple coherent transfer pathways, and thereby
to improve the sensitivity. Then, the 27Al magnetizations were transferred
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to the 31P nuclei through the 27Al-31P J couplings by a refocused INEPT
technique[90{92]. The conventional 2D-FT resulted in a HETCOR spectrum
shown in Fig. 16, from which indirect covariance 27Al and 31P spectra shown
in Fig. 17 and Fig. 18 were obtained. Note that the pair of indirect covariance
spectra do not give any extra information compared to the original HETCOR
spectrum. Nevertheless, the former should provide an instructive viewpoint of
the data, helping one to interpret the indirect connectivity.
5.2 Dual transformation
The noises in the FT spectrum and in the covariance spectrum are uncorre-
lated. Exploiting this fact, Kaiser et al. proposed a scheme to reduce noise[93].
In what they called the Dual Transformation Denoising (DTD) scheme, two
copies of an identical data source are processed separately; one is Fourier-
transformed, while the other is covariance-processed. Then, these two are
multiplied into a single spectrum. A diagram of the DTD scheme is shown
in Fig. 19. Kaiser et al. showed that the overall eect is to reduce the noise, or
equivalently, decrease the measurement time required to attain a given signal-
to-noise ratio. The superior sensitivity of the DTD spectrum to that of the
FT spectrum is demonstrated in Fig. 20.
For structural analysis, one often needs to perform correlation experiments
for various mixing times, since the mixing-time dependence of the cross-peak
intensities provides important distance restrictions. Unfortunately, the cross
peaks of the DTD spectrum build up with the mixing time in a somewhat
dierent way from those in the FT spectrum. To retain the quantitative fea-
ture of the buildup curves, Kaiser et al. proposed a template DTD scheme[93].
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In template DTD, covariance processing is performed only on the data ac-
quired with the longest mixing time. Then, the individual FT spectra obtained
whit various mixing times are multiplied by this common covariance spectrum
(Fig. 21). As demonstrated in Fig. 22, the buildup curves of the template DTD
spectra show similar behavior to those of the FT spectra.
5.3 HETCOR
Until recently, the scope of covariance NMR spectroscopy had been limited
to homonuclear correlations (Note that, in indirect covariance spectroscopy,
heteronuclear correlations are used to obtain homonuclear correlations.) Ex-
tension of covariance spectroscopy to include heteronuclear correlations was
reported by Takeda et al., who showed that the covariance processing can be
used to obtain heteronuclear correlations together with homonuclear correla-
tions in 1H-1H dipolar-coupling mediated 13C/15N chemical shift correlation
experiments using a 13C/15N dual-receiver system[94].
During implementation of a pulse sequence shown in Fig. 23, the 13C and 15N
magnetizations evolved during t1 are transferred to the
1H spins, which un-
dergo exchange via 1H-1H spin diusion during the mixing time, and then sent
back to the 13C and 15N spins. The simultaneously acquired 13C/15N FIDs
using the dual-receiver system are rst Fourier-transformed separately with
respect to the direct dimension (t2). Then, the one-dimensional
13C and 15N
spectra and the joined together to form a single array of one-dimensional spec-
tra, which is covariance-processed in the conventional manner. The resultant
2D spectrum consists of four regions corresponding to the 13C-13C, 13C-15N,
15N-13C, and 15N-15N correlations, as schematically depicted in Fig. 24 and
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demonstrated in Fig. 25.
Even though the same data set can be used to obtain a pair of the conven-
tional 2D-FT spectra (Fig. 23(a) and Fig. 25(c)(d)), the covariance-processed
homonuclear/heteronuclear correlation spectrum retain the merits that have
already been conrmed for the original covariance NMR spectroscopy; the
spectral resolution along the indirect dimension is determined by that along
the direct dimension. It follows that much fewer amounts of data sets suf-
ce to yield a satisfactory spectrum, leading to a shorter experimental time,
or a larger number of signal accumulations can be performed within a given
experimental time.
5.4 phase covariance
So far, we have explored solid-state covariance NMR spectroscopy that allows
for extracting spin correlations more eciently than in the conventional 2D-FT
approach. Since covariance gives a measure of how much a pair of variables
are correlated with each other, it should be useful in other scenes of NMR
spectroscopy as well. In this context, Fukazawa and Takegoshi proposed a
method for statistical data processing based on the idea of what they call
phase covariance[95], which challenges the very ordinary statistical procedure
in NMR: signal accumulation or signal averaging. Instead of performing signal
averaging over many times as usual, one records and stores the individual
FID separately, which may be accompanied with phase increment of the rf
pulse. Later on, the array of the data acquired in this way are used for post
processing. The idea of phase covariance is schematically described in Fig. 26.
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Even though phase covariance shares the term with covariance NMR spec-
troscopy, they are distinct from each other; the former deals with correla-
tion between the phase of the rf pulse and that of the resonance line of a
one-dimensional spectrum, while the latter concerns exchange of magnetiza-
tions between nuclear spins. For simplicity, we consider a single-pulse sequence
with the phase of the rf pulse (Fig. 26(a)). Here, an array of separate one-
dimensional spectra is obtained with consecutively incremented  (Fig. 26(b)).
We suppose that the NMR signal is present and absent at spectral positions
A and B in Fig. 26(b). Then, point A ought to vary with the phase increment
 of the rf pulse, so that correlation between the spectral phase and rf-pulse
phase results in diagonal distribution, as shown in Fig. 26(c).
In reality, the presence of the noise causes o-diagonal distribution (Fig. 27(b)),
depending on the signal-to-noise ratio per scan. Point B, on the other hand,
has no signal component and is thus uncorrelated with the rf phase, so that
the distribution should be random (Fig. 26(d), Fig. 27(c)). The idea of phase
covariance is to calculate covariance between the array of individual spectral
position and the array of the phase values used in the experiment. An ex-
ample of the spectrum obtained in this way is shown in Fig. 27(e), which
appears quite similar to the one obtained from the conventional signal aver-
aging (Fig. 27(d)). Since the proles of the noise in these two spectra are not
correlated, they can be multiplied into another spectrum with reduced noise,
as shown in Fig. 27(f). Multiplication of spectra obtained from the same data
source but with dierent processing is reminiscent of the idea proposed in the
DTD scheme (see 5.2)[93]. Phase covariance was also shown to be ecient
for eliminating incoherent spurious noises due to, e.g., radiation from other
devices or broadcasting radio waves[96].
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However, one technical diculty arises from the periodicity of the phase.
That is, in the distribution plot of the spectral-phase and pulse-phase, e.g.,
Fig. 27(b), considerable population is found in the upper-left and lower-right
regions. The points in those regions cause decrease in the covariance value,
even though they carry correlation between the spectral phase and the rf
phase. To avoid this problem, Fukazawa et al. introduced an interesting trans-
formation of the distribution map[96]. Here, instead of showing its full math-
ematical treatment, we take a look at the geometrical representation of the
proposed transformation (Fig. 28). Let us consider a plane spanned by the
spectral phase (  <  < ) and the pulse phase (  <  < ). The area is
folded twice, horizontally (Fig. 28(a)), and then vertically (Fig. 28(b)). These
operations correspond to taking absolute values with respect to  and  , re-
spectively. As a result, we have a folded area with the ranges 0 <  < 
and 0 <  <  (Fig. 28(c)). Then, the origin is shifted by ( =2; =2) to
complete the transformation (Fig. 28(d)). Its eect is to move the upper-left
and the lower-right regions to the diagonal region, while the diagonal line is
kept diagonal. It follows that one can fully exploit     correlation carried
by the individual points in the phase-covariance processing.
6 Summary
In this article, we have reviewed the covariance approach | one promising
strategy toward ecient acquisition of information from a limited number
of data sets. We have seen the fruitful outcomes of covariance NMR spec-
troscopy, including its applications to solid-state NMR studies of chemically
or biologically important systems, its improvements to enhance the eciency
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further, and its modications to accomodate various needs of structural anal-
ysis. In addition, the question regarding to the inner-product spectroscopy,
to be answered in future studies, has been posted. At the moment of writing
this review, covariance NMR spectroscopy is rather young and the number
of relevant papers is not many. From the author's perspective, the covariance
scheme will gain substantial popularity, simply because it is very useful. Just
like Fourier-transformation NMR, which had been established a few decades
after the dawn of NMR, has now been a very ordinary, routine procedure,
covariance NMR could be another common and standard methodology in the
future. Even though the mathematics of covariance may look formidable, it is
not more dicult than the mathematics of Fourier analysis is; it would simply
be a matter of getting used to it. As a nal remark, it is interesting to note
that the papers cited in this review article drew attention in the context of
general two-dimensional correlation spectroscopy[97] as well as of NMR, which
is a branch of spectroscopy.
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Fig. 1. (a) A schematic drawing of a system of three spins labeled 1, 2, and 3. When
spin 1 and spin 2 have correlation while spin 3 is isolated, the cross peak between















Fig. 2. (a) A schematic drawing of an array of one-dimensional spectra of a homonu-
clear three spin system with incremented evolution time t1. We suppose that the
magnetizations of the spins labeled with i, j, and k changes with time as depicted
in (b). Since the way that the magnetizations of i and k change with t1 is some-
what correlated, a covariance cross peak appears between i and k, as drawn in (c),
whereas the time dependence of the j magnetization is quite dierent from others,
resulting in no appreciable covariance cross peaks.
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Fig. 3. A 13C double-quantum correlation spectrum (bottom) of 13C-labeled tyrosine
(top). 2D-FT was performed on 125 data arrays. This spectrum is to be compared
with the covariance spectrum shown in Fig. 4(A), which was obtained using the
identical data source. Reprinted with permission from Ref. [74]. Copyright 2008
American Institute of Physics.
38
Fig. 4. Covariance 13C double-quantum spectra of 13C-labeled tyrosine obtained
from the same data source as that used to obtain the conventional double-quantum
spectrum shown in Fig. 3. (A) was obtained from 125 data arrays. Even the array
length was intentionally reduced to only 25, the covariance spectrum shows little
degredation, as demonstrated in (B). Reprinted with permission from Ref. [74].
Copyright 2008 American Institute of Physics.
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Fig. 5. A 29Si INADEQUATE spectrum of silicate 1. Covariance processing was
performed on 32 data arrays. Reprinted with permission from Ref. [74]. Copyright
2008 American Institute of Physics.
40
Fig. 6. 13C-13C correlation spectra of a microcrystalline sample of domain-swapped
homodimer of catabolite repression phosphocarrier (Crh) protein. A region covering
carbonyl-aliphatic correlation is cropped. (a) and (c) represent covariance spectra
obtained from 512 and 256 data arrays, respectively. For comparison, the corre-
sponding 2D-FT spectra are shown in (b) and (d), where the degradation of the
spectral resolution is appreciable. Reproduced from Ref. [75] with permission of the
Royal Society of Chemistry.
41
Fig. 7. 13C-13C correlation spectra of a microcrystalline sample of domain-swapped
homodimer of catabolite repression phosphocarrier (Crh) protein. A region covering
aliphatic-aliphatic correlation is cropped. (a) and (b) are covariance spectra, while
(c) and (d) shows 2D-FT spectra obtained from the same data source. Reproduced
from Ref. [75] with permission of the Royal Society of Chemistry.
42
Fig. 8. Amino acid sequence of A42 and a curcumin molecule. Reprinted with
permission from Ref. [76]. Copyright 2011 Elsevier.
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Fig. 9. Covariance-processed 13C correlation spectra obtained in 13C-labeled samples
of A42 bril mixed with curcumin. Reprinted with permission from Ref. [76].
Copyright 2011 Elsevier.
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Fig. 10. Mixing-time dependence of 13C covariance spectra in 13C-labeled samples
of A42 bril mixed with curcumin. (a) and (b) were obtained with a mixing time
of 50 ms in A42 labeled at the 17-21 residues and at the N-terminus (see Fig. 8).
(c) and (d) were obtained with a mixing time of 500 ms. Reprinted with permission
from Ref. [76]. Copyright 2011 Elsevier.
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Fig. 11. (a) R and S enantiomers of 2-ethyloxiane. (b) A 2H Q-COSY Fz spec-
trum of 2-ethyloxirane obtained from a 268 uniformly t1-incremented data array by
the FT method. (c)-(k) Comparison of spectra obtained by FT with uniform sam-
pling, covariance with uniform sampling, and covariance with non-uniform sampling.
Reprinted with permission from Ref. [78]. Copyright 2011 John Wiley and Sons.
46
Fig. 12. Four options of signal-accumulation proles. The positions and the heights
of the vertical blue bars represent the timing of the data sampling and the number
of accumulations. Reproduced from Ref. [83] with permission of the Royal Society
of Chemistry.
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Fig. 13. One-dimensional slice spectra of a 2D covariance spectrum obtained with
various accumulation proles. Reproduced from Ref. [83] with permission of the
Royal Society of Chemistry.
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Fig. 14. (a)-(c) Schematic illustrations of (a) conventional sampling, (b) truncated
sampling, and (c) alternative States sampling. (d)-(f) simulated spectra generated
using (a)-(c) schemes. (g)-(i) Experimental 15N exchange spectra obtained using
(a)-(c) schemes. Reprinted with permission from Ref. [79]. Copyright 2014 Elsevier.
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Fig. 15. (a) A three dimensional 1H-15N/15N/15N spectrum. The 1H-15N dipolar{
coupling dimension was reconstructed by compressed sensing, while 15N-15N cor-
relation by covariance in combination with alternative States sampling. Reprinted
with permission from Ref. [79]. Copyright 2014 Elsevier.
50
Fig. 16. A source 27Al-31P SPAM-MQ-J-HETCOR spectrum of AlPO4-14, from
which 27Al-27Al/31P-31P indirect covariance HOMCOR spectra (Figs. 17-18) were
obtained. Reprinted with permission from Ref. [86]. Copyright 2007 Elsevier.
51
Fig. 17. 27Al-27Al J-coupled indirect covariance spectra obtained from the 27Al-31P
SPAM-MQ-J-HETCOR spectrum shown in Fig. 16. Reprinted with permission from
Ref. [86]. Copyright 2007 Elsevier.
52
Fig. 18. A 31P-31P J-coupled indirect covariance spectrum obtained from the
27Al-31P SPAM-MQ-J-HETCOR spectrum shown in Fig. 16. Reprinted with per-
mission from Ref. [86]. Copyright 2007 Elsevier.
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Fig. 19. A diagram describing the ow of the dual transformation denoising (DTD)
process. Adopted from ref. [93]. Copyright 2007 Elsevier.
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Fig. 20. Comparison of 13C-13C proton-driven spin diusion spectra obtained using
DTD and FFT. Adopted from ref. [93]. Copyright 2007 Elsevier.
55
Fig. 21. Schematic diagrams of direct DTD and template DTD. Adopted from
ref. [93]. Copyright 2007 Elsevier.
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Fig. 22. Experimental buildup curves of 13C-13C cross peaks in FFT, direct DTD,
and template DTD spectra obtained in methionine-leucine-phenylalanine tripeptide.































Fig. 23. A pulse sequence of 1H-1H dipolar-coupling mediated 13C/15N chemical
shift correlation experiments used to obtain homo- and heteronuclear covariance




























Fig. 24. Correspondence between the conventional 2D FT and homo- and heteronu-
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Fig. 25. (a) 2D covariance spectra of 1H-1H dipolar coupling mediated 13C/15N
chemical shift correlation experiment obtained in uniformly 13C, 15N-labeled his-
tidine with the pulse sequence described in Fig. 23. The number of t1 increments
was 32. (b) The square root of the 2D covariance spectrum in (a). (c) A 2D FT
spectrum obtained from the identical data set as that used to obtain the covariance
spectra in (a) and (b). (d) A 2D FT spectrum obtained with 256 t1 increments.
Reproduced from ref. [94] with permission from the PCCP Owner Societies.
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Fig. 26. Schematic illustrations of correlation between the phases of rf pulses and
of the individual complex data points of NMR spectra. Reproduced from ref. [95]
with permission of the PCCP Owner Societies.
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Fig. 27. A demonstration of phase covariance. (a) A 13C CPMAS spectrum of a
low-concentration mixture of glycine and L-alanine in KBr powder obtained from
a single FID with no accumulation. (b)(c) Phase distributions of 1800 data points
at the methyl peak position and an arbitrary spectral position with no signal. (d)
A normalized covariance spectrum. (e) A conventional averaged spectrum obtained
with phase correction followed by summation. (f) A phase-covariance weighted spec-
trum obtained by multiplying the spectra shown in (d) and (e). Reproduced from
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Fig. 28. A geometric account for the transformation of the phase-distribution map
proposed in ref. [96].
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